Hpurnapnraa MareMaTnka u Mexamaka. Tom XX, 1956
HBectatyT mexaHukl AxaaemMmn nayk Coiosa CCP

YCTOMYABOCTh NNEPMAHEHTHBIX BPAHMEHHUN TAKEJOTO
TBEPJIOT'O TEJIA

B. B. Pymannes

(Mocksa)

TlepManeRTHEE BpallCHUA TAKEIOr0 TBEPAOrO  Tela ¢ ONHOU HEMONBWKHON TOUKOM !

6usm orkpuTel B 1894 r. B. K. Mionseesckam(l] m O. Ilrayael2]; nociezaeMmy spuHam- '

TeKAT nogpobdoe mMCClefoBadne 3TAX BpameHuil. BHagade 3agaua 00 OTHCKAHHE YCJIOBHiA
BEX YCTOMYHMBOCTM OpW 3ajaHHOM paclpefiefleHNH Macc Kasajach N09TU Ge3HaneKHO
Tpyagoii(3l. Opraxo B 1920 r. P. T'paMuoas mOJNydnsI @myTeM pAaccMOTpeHHA JIHHeAapH30
SaHABIX YPaBHeHAH BO3MYyOIEHHOTO KBHKCHUA TAKIIOrO TBIPIIN'O TeIa ycJOBHA YCTOH-
SHBOCTH MepMaHEeHTHHX ppauleduii(3,t]. Beugy c1oxE0CTH MOTydemIkX YCIOBAA HMeENOCh
MaT0 BaJe:KAhl Ba BblIeJeHde HA KOHYCO MODMIHEHTHHIX oceil odTacreit ycTouMBOCTH,
aClejcTBAe Wero I'paMMesb «OOpPATH/I» HOCTAHOBKY 3agiaunm. OH MPCITOKAT HCKAaTh Ae
AanpapJIAIOIAe KOCHHYCH YCTOMYHBHIX MepMaHeHTHHX BpalleHAd OpA 3aJaHHOM pacrpe-
1eJleHWAH Mace, a, HaoGopoT, MCXO0IA N3 ONpe/C;ICHHOrO INO0/10}KeHHs OCH BpalleHAd B
TBEpOM Tejle H H3 33 aHAKX OTHOUICHHI MOMECHTOB HHePIUM TeJa K €ro Becy, pa3hiCKH-
BaTh TaKHe MOJOAEHHA MeHTPa TAKCCTA TeJa, PA KOTOPHIX BO3MOMKHL YCTOHYMBHIE
gepMaHEHTHbI® BpallleHUsT BOKPYT 3afaHHOH ocm. B Tawoil moctanoBke [pavvens mpoama-
TH3APOBAJT HOTyUeHHLIE MM YCJIOBAS YCTOHYMBOCTH /IS 00LIEro cIydas HeCEMM eTPHYHOTO
CEPOCKONA NpH NPOH3BOJbLHOM HANpABICHAN OCH BpPAMEHNsd, a TaKKe AA cIydasd, KOrAa
> BpAMEANs HEeMHAT B OJHOA H3 TIJIABHLIX INIOCKOCTeid HHCDIME TBEPAOro Teaa IJIA
denojswkHO# Touxkm. Kpove Toro, TIpamvens moIpoGHO HCCAETOBAT  YCTOHYABOCTD
TIaBHOH OCM MHEDNAW JUIA CiIydasd, Korfja Ha Hed pacHoao:KeH NEHTP TAKSCTH Tella.

B 1945 r. O. Borremals] npumesnn moaydennule I'pavMeleM YCI0BMA K HCCle0Ba-
210 yCTOMYABOCTA HePMAaHeHTHRX BpaNleHHHA B CIydae HAXOKAeHHA HeHTPa TAMECTH Ha
2IH0H M3 IIIaBHBIX OCeil MHepOnH.

OTMeTHM, 9TO TA/KeJoe TBepJOe Tell0 ¢ OXHOH HEeNMONABH}KHOM TOYKOM OpCACTaBIAET
€050l KOHCEPBATUBHYIO MOXaHHYECKYIO CHCTEMY, yCTOHYABOCTL KOTOPOil BO3M OKHA TOIBKO
8 KpUTHYECKOM DO JlanymoBy ciydae. Ilosydennue I'paMmesieM yc10BHA fBAAIOTCA JAND
2200X0AUMBEIME YCITOBHAMA YCTOMYMBOCTH HepPMAHeHTOLIX BpallleHW, YTO [OYEBHAHO Ha
<CHOBaHAM OfiHOIl TeopeMul JIamymnopals).

Cienyer ykasaTh, 9T0 HeOOXOJEMLIC YCIOBHA YCTOHYMBOCTA BpamleHHA TBEPAOTO

Tela BOKpYr IJIaBHOA OCH HHCpORY, upoxozmmeﬁ Yepe3 MHEHTP TAKECTH TeJa, Onam.

moxyvesn B 1882 r. H. (E. Hykoscxumml(7?] jia HecMMMerpEYEOro rHPOCKONA, & TaKKe
Z1g repocKona Jlarpamxa.

JocTaTouHble YCJIOBUs YCTOHYMBOCTH BpaleHAA 'TBEplOro Tejia BOKPYr IIaBHOH OCH
ES¢ NN, HeCymlel NEHTP TAKecTH Teaa, moiaydenn H. I'. UeraeBniM[S,9) mis caydas
<darpasa.

B 1ammoit paGore uyTem wuoctpoermA mo mertony H. T. Ueracsal9l dymxnma Jlany-
ErBs VK43bIBAKTCH HEKOTOPbIC SIOCTATOMHLIC YCJOBHSI YCTOHMMBOCTH HePMaHEHTHRIX Bpa-
meHRIl Kak 11 ofmero cayvas, AP MPOHM3BOJILHOM pachpefe’enuy Macc TBEPUOTe
Yeda. TaK M ANA PAJA Y4CTHBIX CIY4acB. AHAIW3 OTUX YCJOBHIl 1103BOIsieT B HAlJA/IHOH
@:Me BuleduTh HAa KOHyCe NHePMaHeHTHHX Joceil o6macTa ycTofwmBocTH; 3afava OPH
FroW pemaeTcds B OPAMOH TOCTaHmoBKe. PasymceTcs, HETpYMHO [NpAIOMHTH HOJNYYeHHbIE
X7 T:TCYHEE VeIOBAA YCTOHTHBOCTI I A Clydas obpawennss oo I'paMme o HOCTAHOBKH

$:Z:9H. -

~ 4 *
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1. Konyc uepmanentnnix oceii. Ilycty Oz,y,z, — Henojisnskuan crereMa
occfi KoOp/MIAT ¢ BCPTUKAJNLHO BBEpX HalpapiIcHHOU ocbio Oz, a Oxyz — 1o-
JIBIGKNAST chHeTeMa oOcell KoopjMmar, Heu3MeUHHM 00pa3oM cBsazanmas o
TBCP.ILIM TEJIOM, OCH KOTOPOH HAampausleHBl HO IJIABHBIM OCAM WHEpLIN TBep-
Horo TeNa s HewoBIKHOR Toukn O. [IBiskeune TaKeAOro TRepIoro Teda
C O/UIUH HEeUHOBHJRION TOMKOH OTMCLIBACTCH CUCTEMOM IICCTH VpPABHCHMI
diinepa-Ilyaccona:

d N A
A 7’: + (C — B) qr = P (2412 — Yo73) (pqr, ABC (1.1)
/ zyz, 1,2,3)
B =re—q1s (1.2)

rie A, B, C o6v3padaior TrJaBHLIC MOMCHTLI HHCPHMIU Teaa Juid Touykd O,
P = Mg —uec Tema, Iy, Yo 2, — KOOP/MHATHL JCHTPA THIKCCTH Te.a, p, ¢,
7 — TIPOEKUU} MTHOBEHHOI YTJIOBOH CKOPOCTH TeJa HA IOJBHKILIE OCH KOOD-
AMHAT, Y1, Tz, T3 — HADPABJIHIONUC KOCHHYCHL 0cH Oz, OTHOCHTCJIBHO 110,1-
BUWKHBIX OCCH z, ¥, 2. 3ech M B Ja/ibHeiinieM B CKoOKax yKasblBaloTes
OyKBBI M HMHJCKCH, KDYIOBOH IICPeCTANlOBKOH KOTOPLIX 10j1y9aloTcs HeBHINH-
CaHHBIe ypaBHEHMs1. )

Vpassenma gsmwwkenud (1.1), (1.2) B obmem cayyae jomyckaor Tpu
HCPRLIX WHTErpaa:

Ap* - Bg® + Cr® + 2P (zy(y + Yoz + 2o7s) = b (1.3)
Apn + Bgie + Cry; =k, WA TR T =1

b. K. Mao;ueesckniill]l yeTaHoBni, 4r0 ICPMaHEHTHLIMH OCAMH  Bpalie-
HUS, T. €. OCHMI, 3QHUMAIONIAMH  HEUBMCHHOC IOJIOFKCHHe B TCjC 1 B
UPOCTPAHCTBE, MOTYT OLITh MWJM IVIABHHE OCM MHCPIWE, PACliOJIOMKEHHEIe
IOPH3OHTANBHO (CIyvail (H3MYECKOrO0 MasTHMKA), HJI  IEI0e MHOMKECTBO
BCPTHKAIILHBIX OCeH, MpUYeM B 1UOCJIC;HEM CJy4yae MIHOBEHHAsi yrJiopas
CKOPOCTH TCHA fARIACTCA IOCTOAHHOI 11 1m0 vesrynuc. Bpamenusa tsepiioro
TEJA BOKPYI' BEPTHRAJBHBIX LEPMAHEHTHBIX occii OLIIM mOAPOOHO H3YYEHHI
Mrayel2). Ilpube:ieM HEKOTOPHIC U3 Cro pe3yabTaToB, KOTOpHE B JalbHeii-
nem HaM nonago0atea. Ecam monomnts 1 =a, 1,=0§, 13=71, rie «, B,
Y — HNOCTOSIHHBIE, YJ(OBACTBOPAIONIME, Da3ymeercd, VCaosHio o + 24 +2 =

=1, 10 ypasrenus (1.2) MoKHO npusccTH K By

r_9_r_.
- 5 S » (1.4)

rjie YIrioBas CKOPOCTh @ == const.
Ypapuennst (1.1) mpuMHMMAIOT UPU BTOM CIEAYIOHI BU)L:
(B —C) Py = P (yoy - 2,8)
(C — A)yaw? = P (252 — x47) (1.5)
(4 — B)ofu? = P(z—yy)

Ecnu ypapnenus (1.5) yMUOKHTB Ha Z,, Yo, Z, COOTBETCTBEHHO M CJIO-
HHATB, TO HOIYYHM YpaBHeRHC KOIyca BTOPOro NOPSAAKA (B TEKYMHEX KOOp-
aHHaTax «, 8, 1)

(B — C) 12 + (C — A) yayo - (4 — B) abz, = 0 (1.6)
ABIIAIOIErOCH FeOMETPUYCCKAM [MECTOM BEPTHKANBOBIX MEePMAHEHTHLIX oceil.
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Ouesunno, uto kouyc (1.6) B kadectBe 0Gpa3ylomux HMeeT IJIaBHEE OCH
HHCDUMHA Z, Y, 2, @ TaKKe LDPAMEE, IPOBeleHHEe W3 Hadazia KOOpAEAAT B
mneHTp TsKecTH Telma S (%, Yo %) U B
109ry Q (2o/A, Yo/B, 2,/C), uem BmonHe
ompenesseTcA.

Ecan npepmonomkarts 6e3 yMeHbMeEHUs
OOIMHOCTH, 4TO 1.7

A>B>C, z, >0, Yo >0, 2,>0

TO JIerKo BHJIETh,' 9TO OAHA H3 IOJOCTeH
Rrouyca (1.6), mpoxomme uepes moisryocu Oz,
0S, 0Q, Oz n—0Oy, a' Bropaa — Jepe3 mo-
ayocu — Oz, — 0S8, —0Q, — 0z n Oy.

Eciu #3 HemopBWKHON TOYKM, KaK U3 Qur. 1
neHTpa, mpoBecTH cfepy eIWHAYHOTO -Pajiu-
yca, TO TreoMeTpHYecKOe MeCTO TOYeK mepeceyeHns komyca (1.6) c aroi
cdepoil mpefCcTaBETCA B BHJe NBYX B3aMKHYTHX |BeTseii HekoTopoi [cde-
PHIECKOl KpHBOH, K&KOOH TOYKE KOTOPOHl COOTBETCTBYET OfHA M3 LOdY-
odpasyiommx Komyca (1.6), m, maobopor, Kammoii m3 wuoayoGpasyromux
ROHYCa COOTBETCTBYET OJ{HA M3 TudeK cepuueckoél KpHBOil.

Touku mepecewennss momyoceir Oz, Oy, 0z, OS u OQ co cdepoit o6o-
3HAYAM 4Yepe3 Z, Y, 2, S, ¢; AMAMETPAJbHO NPOTHBOMOJIOKHEE TOYKH 0003Ha-
quM uepes —z, — Y, — 2, — S, — ¢ (pur. 1).

Caexyer oTmeTHTH, YTO HEPMAHEHTHHIMM OCAMHM MOTYT GHTH JAmMB Te M3
noayodpasyromux komyca (1.6), ama xoropmix ypaememnma (1.5) naor momo-
ENTeILHYIO BenmumHy 1iA o?. Bce Taxue moayoGpasyiomue, a Tarike
ccoTBercTBYIOmmAe HM TOuKH (¢, B, 7) cdepmuecko#r KpmBoii Gymem Ha3HIBaTh,
c¢zzava  Mlrayze, AomyckaeMBIMM  yCJIOBASAME  3a0aYd, a OCTajbHEE—
He1o11\ - KaeMbLIMH.

W3 vpassennit (1.5) nopm ywere ycaosmit (1.7) cmexyer, 4To momyckae-
MHMU ABIAITCA Bce wuoayoGpasyromme komyca (1.6), mpoxogamue uepes
To0y10 U3 TOYeK IVT (Z, —y) M (z, S) mepBO# BeTBM H JIOGYI0 U3 TOUEK TYr
(y.—2) n (—s,—z) Bropuit BerBm cdepmdeckoii Kpusoil. Koopaunatw
(z, 3. 7) ToUeK, IpuHAIIeKAamMNX YKa3aHHKIM JyraM cdepudeckoii KpHBOii;
HMEIOT COOTBETCTBEHHO cielyiomue 3paka: (4, —, —); (+, +, +); (4, +, —);
(—, ] _)

JAaa KamIo# W3 mepMaHeHTHWX ocefi ypasmeHms (1.5) naor onpemesien-
HYI0O KOHEUHYIO BeJIMYuMHY KBajpaTa YIJIOBOl CKOPOCTH BpamiCHEA 2, 3a
OCKII0YeHHEeM IJIaBHHX OcCH HMHepuMH Z, ¥, 2z, JUIS KOTOPHX ? = oco. [liasa
noayobpasyomnx +-OS umeeM «w? = (), 4TO COOTBETCTBYeT PaBHOBCCHIO TEna,
KOrila ero IeNnTp THKeCTM 3aIMMaeT HAWBLICUICC MJH HAWHA3Mee IO-
JIOMKEeH A,

B cnyuasx, Korza mEHTP TAMKECTH Tejla HAXOAUTCSA B OJHOM H3 TVIABHHEIX
IIOCKOCTeHd MMEpPOMH HIIM HA OJTHOH M3 IVIABHHIX OCedl MHepIMM, HJIH KOTA&
3.LINNCON] WHEPIUH ABIAETCH 3JUIMOCOMIOM BpameHus, KoHYC (1.6) BHpom-
JaeTcsl B mapy LJIOCKOCTeH, 6o ImepecTaeT CymecTBOBaTh.

IycTs, mampuMep, HMEHTP TSKECTH Tejla PACHOJIOMEH B IJIABHOM NJIOCKO-
ctu meepnum Ozy, T. e. zp=0. Us ypasnenus (1.6) mpm srom cmenyer,

~
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YTO KOHYC IePMAaHeHTHWX ocell pacmagaercsa Ha miockocTh Ozy (1 =0) n
IJIOCKOCTh . i
T (o, B) = (B — C) 34 + (C — A) ayy = 0 (1.8)
DpPOXONAMY dYepe3 TPCTHIO TJIABHYIO OCh HHEPOHHA Z.

Cdepnueckas kpupaa (1.6) B jamHOM ciiyyae COCTOHT H3 IBYX OKPY#H-
HocTeil G0iIbMOro Kpyra, OPTOTOHAJBHBIX JAPYT K JAPYTY M HepPecCKalomuxcH
Mexny coboit B Toukax -+ k.

Ecan mpeanonosuTs JJA OIPENCICHHOCTH, 9TO

C>A>DB, z,>0, y>0, 2z,=0 (1.9)
TO HETPYiHO BHIETh, 9YTO JIONYCKAEMHBIMH SABIAIOTCH BCC TOYKHM (x, B, T)
nojlyokpysksocra (z, k,—z) (i wxoropoi a<<0, B<0,—1Ly<),
pacmonoskenHoit B niockoctm (1.8), m jsiyrm (s, 'y), (—z, —s), (—y, )
okpymuocTn =0, &IA KOTOPWX coorBercTBenHo o >0, 8>0; « <0,
p<L0; >0, 0.

U3 ypapmennit (1.5) mpm ydere ycyoBmir (1.9) nna kamyoil mepmaHcuT-
HOH OCM HAXOJUM OIpeJesieHHYI0 KOHEYHYIO BCIUYUHY 2, 3a HCKIIOYeHHEeM
TJAABHHEIX OCCll HHepOMH, AJA KOTOPHIX 2 = oo.

Haa oced 4+~ 0§ unmeem ? = 0.

B cinyuae, Korjia DEHTP TSKECTHM Tejja HAXOMMTCH Ha IJIABHOHE OCH 1Hep-
OAW, KOHYC liepMaHCHTHBIX OCeil pacmajgacrTcs Ha JBC TJIaBHBIE 112I0CKOCTH
muepoma. Ilycts, Hanmpmmep,

C>A>B, z, >0, Yo=2,=0 (1.10)

Herpynuo Buners, uro upu y, — 0 miockocts (1.8) mepexoaur B IJIaBHYIO
miockocrs mHepuua Ozz (3=0). Ilpm stoM pmouyckaemmie B cayuae (1.9)
nyru (s, y) m (—y, x) oOKpymHocTH 7 ==0 cAHBAIOTCA B [JOMYCKaeMyIo
MOJLYOKPYIKHOCTD (Y, T, —¥y), a #yra (— x,—S§) CTArMBaeTCA B TOUKY — T,
B njockoctu Oxz [onmycKacMoil ABJIHETCA MOSIYOKPY:KHOCTh (2, — &, 2), ;L.1H
roropoit « << 0, B=0,—1<1<1. B arom caysac pmaa raapEwx occi
UHepLUM Y, Z TONpPCkHEMY w? = 00, Torja Kak NJs IJIaBHOH OCH HHEepULI Ty
HeCymei NMeHTP TAMKECTH TeJia, YIVIOBaA CKOPOCTh BPALICHMS » CTAHOBUTCH
D POM3BOJIBHOI.

Paccmorpnm TaKse cayvall, Korja 3iJMicoMJi HHEPUHH ABIACTCA 3.I-
auncougoM BpameHdsa. I[lycrs, naupumep, A=B=0C, a OCHTp THKCCTH
8aHHMAaeT NPOM3BOJILHOE MOJIOMKEHAe B Tele.

Be3 orpanmuenus OGIMHOCTH MOMRHO HOJIOMHTHL ‘B 3TOM c.aydae z, >0,
Yo >0, z, =0; roumyc mepmanentHeix oceil (1.6) pacuazacTes upm aToM ua
mpe raassbie ujgockoctn uHepunn: Oyz (x = 0) u Oxy (7 = 0). Jerko BHICTD,
4TO jIA BCCX OCEH, pAaCIOTOKEeHHHX B miockoeTd « = 0, o = oo; B IJO-
croctE Ory JOnyCKaeMBIMH ABJIAIOTCH OCH, HPOXOXsIHe deped JO0YI0 m3
TOYeK ayr (z, s), (¥, —2), (—s,—y) B caysae B> A, unm gepes mobyio
p3 ToueKk nyr (z, —y), (s, ¥), (—=z, —s) B cayuae 'A> B.

Ecim 2y =0, y,>0, z,=0, TO nomyckaeMbIMH SABJAIOTCS OCH, Pacumo-
JIOjKeHHBIe B MIOCKocTH ¢ = 0, maupasasiomme {KOCHEYCH [B KOTOPHIX yia0-
BJICTBOPHIOT YcioBuio (A — B)3<C0.

Eena 2,>0, 5, =z, =0, 10 Xouyc nmepmanentHeix occit (1.6) ucpecraer
CYIMEeCTBOBATD; JOOYCLKACMOI SBIHCTCH 0Had w3 occil, HanpaBsaoIe KOCU-
HYCHl KOTOPHIX YAOBICTBOPAIT Ychionuio (A — B) > 0.
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2. Hccnepopanme ycToiiunBocTH mnepMamenTHbiXx Bpamenmii. 1°. ccie-
AYCM YCTOHYMBOCTH TEPMAHEHTHLIX BpalleHHHA B Cj1y9ae IIPOM3BOIBLHOIO
pacnpenencemsa Macc Tera. Bea ymenbmmenua cOMBOCTA MOMHO Ipe/llosiaraTh
gro punoassaiTca yenosma (1.7). PaccmorpnM Kakyo-mnOyabr m3 jomyckac-
Meix nmoayobpasyomux (a«, B, 7) Komyca (1.6), oTamYHyI0 OT IIIaBHEIX OcCH
#EHepuud, Koropas, Gyny4YHm HampaBjeHAa BePTHKAaJLHO BBEDPX, MOMKET CJIY/KATh
HepMaHeHTHOH OCBI0 BpAameHNs ¢ NOCTOAHHOE "yTJIOBOH CKOPOCTHIO '@, Olpe-
mensemout onEmM m3 ypasHeHmit (1.5). Ilpoekmmm yriomoll ckopocTm Ha oca
KOOPAHHAT OVAYT UPH STOM PAaBHEL

Po = 0w, 9o = B, To =W (2.1)

YcTolYMBOCTE MEPMaHEHTHBIX BpAaIEHHN WCCIelyeM IO OTHOIUCHMIO K
OepeMCHHRIM p, ¢, 7, Y1, T2 Ys» TONarag B BO3MYIICHHOM NBIKEHHH

p=p+E g =qo+ &, r=ro+% (2.2)
T1= &+ n, Te= B+, 3= 7 + s
[Moncrapnsas pesmumasl (2.2) B ypasHennmsa (1.1) n (1.2) n ygutmBag pa-

penctoa (1.4) m (1.5), nonyyaeM ypaBHeHHs BO3MYMICHHOrO IBMKEHHA TBEp-
HOro TeJja:

d " r =

A —d% + (C — B) (rof2 + 9ofs + %ats) = P (2972 — Yo™s) (pqr, ABC) (2.3)
d 4 - " ryz, 1v2y3
7? = rome + 885 + &% — (905 + 762 + %27s) (2.4)

Jlerko Bmmers, u9TO YypapHenmsa (2.3) — (2.4) obiapaoT caeylOmMuMU
IepBEIMA MHTETpaJlaMu:

Vi=A(E® 4+ 2pky) + B (82 4 2948) + C (5% -+ 2ro%s) +
+ 2P (2 + Yoma + 207s) = const
Vo= A(poma + &y + &) + B (go%ia + 265 + &m2) +
+ C (roms + &3 + E5%g) = const.
Vs =m? 4+ n® + Ms® + 22 + fnp +115) =0

@®yunrnnio JIsnoyuosa noctponM no merojy H. I'. Ueraesa B ¢opme cpaskm
nuTerpanoB (2.5):

(2.5)

V=V,—20V,+ WV, + %—pr: (2.6)
= AE? 4 BE,? + Ct2 — 20 (A& + Bégme + Chamg) + 2p (P + aymums +
+ Bymams) + (0 + pa2)y® + (0 + pB2) e + (1) 0 + 5 1/ (s Mes M)
rie mOCTOSBHaA
k= Aw? — P% — Bo? — pYo = Co2 — L 2.7)
o B Y
9TO CIpaBeHBO B CHAY ypaBmenmit (1.5)
7 (1 ey M3) = (Ma® + Me® + M) [? + M + %a® + 4(amy + B + 1)

¢ — OPOH3BOALHAA HOCTOAHHAA.
Ouesmano, uto pynrmmss V Gymaer ompe;(esICHRO-IIOIOMKUTENBIOR QyHKIACH
IEepEeMCHHBIX &1, &, &, My, Yo, s €CJHM TaKOROii Oy/leT KBaJApaTHYHAs dYacTh
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dyaxmmam V, T. e. kmajparmuHaa ¢opma V —1/,pnf (0, N, Ms). Cormacuo
kpurepmio CHIbBECTpa HCOOGXO;MMBIMA M JOCTATOYHBIMA YCJOBHAMHE MHONOMKA-
Te;IbHOH 3HAKOOMPEeICICHHOCTA IOCTeTHCH ARTATCA HCPaBCHCTBA

1) h— Ao? + pa? >0

2) () — Aw?) (b — Bo?) + ¢ [22 (. — Bw?) + 82(0 — Aw?)] >0

3) 13— (A + B+ C)o?? + (BC + AC 4+ AB) ') —

— ABCo6® + p [12 — Aw® (82 4 12) h — Bo? (a® + 73) h —
—Co? (a2 4 B%) ) 4 (BCa® 4+ AC3 + ABy}) 0! >0

3aMeHAA B 3THX HCPaBeHCTBAX IMOCTOANHYIO 7 OXHHM M3 BEIPAKCHMA
(2.7) m momcTaBNAH BMECTO «° BOJIMYHHY, OIpEjelIAeMyIo JIOOKM U3 ypan-
ueHuit (1.5), mpmBegem MX K BUAY:

2__pTh
1) woaz — P = > 0

2) P%’"—!l(%" 6+ ?%’a'z) >0 (2.8)
oo e(EEe T ) P >0

Ipm Boimomuenun yc:toBuid (2.8) ¢ynxuusa V Gyxer 3HAKOOUDETeICHIHM
HHTCI'DA;IOM YPaBHCHHIA RO3MYIMICHHOI'O IBHKEHHs TSKEINOrO TBEP;Oro Teja
u, 1no Tteopeme JlgnyHosa 00 YCTOHYMBOCTH, HEBO3MYIIEHHOE  JIBHKe-
nue (2.1) 6yacT ycTOMUMBEIM IO OTHOINTEHAIO K IIEPEMEHHEIM P, ¢, 7, T1, T2 Ts-

ITpoana:;iusupyeM gocraroudsle ycaosusa ycroituusocta (2.8). Ecam wuoio-
#uTh p =0, TO OHA cBCayTCA K HepPaBeHCTBAM

x, - Y, Z,
—=2>0, —3 >0, —7>0 (2.9)

[Ipu yaere veaormii (1.7) ouesumno, uro yenosus (2.9) BemoAHAIOTCA
T BCCX TOYEK JouyckaeMoif ;iyrm (— s, —2) cdepmaeckoit Kpmpoit (KpoMe
TOYKH — Z) HIM, 4TO TO Ke, IJA BceX momyobpasyomuax koHyca (1.6)
NCPMAHEeHTHEIX OCCif, HaXOJANUIXCHA Me;KIy mosayobpasyionmit — OS i1 —O0z.

OrvernM, 4yt0 ©° =0 jua mno:ayodpasymomeit —OS, uTo cOOTBETCTBYET
yCTOHYMBOMY DPaBHOBECHIO TCJA, IIPH KOTOPOM Cro HEHTP TSKEeCTH HAaXOTHTCH
HAa BCPTHKANN HIGKe TOYKH omopul O.

Bymem cumrare Teueps p==0. Tark rak Ha Bcex tonvckacMBIX Tyrax,
KpoMC TOJIPKO dTO paccMoTpeuuoid jayri (—s, —2z), 2 >0, 10 oyeBmIno,
Wr0 TMepBoc M3 yCAOoBME ycToddmBOCTH (2.8) MoeT OBITH YJOBIETBOPEHO
JAMIB BHIOOPOM IIEKOTOPOro 3HaueHHA p > 0.

IIpn arom Bropoe m3 ycnosuit (2.8) lyxosiersopserca BEIGOPOM COOTBET-
CTRYIONICTO 110JIO;RATEIHHOTO 3Mayenisy p OPH YCAOBHU

&€

Toge 4 %_n_az <0 (2.10)

Jlerko BHeTh, YTO 9TO YCJOBME BBIILOJIHSETCA 114 HCKOTOPOH 9actd jo-
HycKaeMoi ayrn (x, —y), mpEMHIKaonEl k& Touke z (B AOCTATOYHO MAJON
ORPECTHOCTH KOTOPOH 3mayeHms o GAH3KM K --1, a 3HaueHHms  OTpHUATENB-
HEl 1 OMUBKA K DYJ0).
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Tpetbe m3 ycioBmit (2.8) TakKe yIOBIIETBOPACTCS BHGOPOM HCKOTOPOTO
LOJIOKATEILHOTO  3HAYeHAA p A rtovwerk (%, §, 7) Ayrd (z, — y), Koopida-
HATEl KOTOPHIX YIOBICTROPAIOT YCJIOBHIO

(1'0 Bg_|_'/oaz)zo +x0'/°.r >0 (2.11)

OueBm1HO, 3TO yc:i0BHe BHILOIHAETCA HA HEKOTOPOW g9acTH Ayru (z, —y),
npuMpiKaomeit k Touxe z. Tak kak Ha atoit gyre o >> 0,8 <0, v<(0, To veilo-
Bre (2.10) 3aBeJoMO BBINOMHAETCS, ecau BHNOaHeHo ycnopde (2.11).

Aaa BeINOTHCHMA Kaskioro m3 tpex ycaormit (2.8) npm smauenmax o >0,
3<C0, v <0, ynosnersopaiomux ycsaosuio (2.11), TpeGyercss momoGpats He-
KOTophIe 1IOJIC/KMTENbHbIe 3HAYeuUs: NPOM3BOSIROON IMOCTOSHHOM p, He orpa-
HOouennole csepxy. IToaTomy ecum BoIGpaTh 3HauyeHHAE INOCTOAHHOH (., paBHOe
BamboJsibmieMy M3 DTHX TpPeX ec 3HadeHmit, To yciaorma (2.8) GyayT BeImoi-
HCHBl O/THOBPEMCHHO.

Pacemorpum eme oxny ¢yrxnmo Jlsanysona:

V=V, =20V, + Wy 44 — &V = 482 + B;2 + C&2 — 20 (Blyn,+Clyig)+
+ 24 i:‘ G (B + me) + R (0 e+ ) + A %‘31 (0 + m + %) (2.12)

LPOH3ROANAA MO BpPeMElM OT KOTOPOH, B3ATasA B CHAY YpaBHEHMl BO3MYyIIeH-
HOro JBiKeHHA (2.3) — (2.4),

V=A='V, =

BCJI€;ICTBHE pAaBEHCTBA HYJI0O IIOCTOSHHON TpeTrhero M3 HETCrpasoB (2.5).
Ilocrosannas ) 3gech rarsme onpenesserca ypassenmamm (2.7). Vemopuamm
HOI0KETENBHOM 30aKOONPE;TeICHHOCTH Kiaaparnynoit Gopmsl, ¢uryprpyiomeit
B mpaBoil yacTu pabcHcTBa (2.12), ABAAOTCA HepaBeHCTBA

1y 2>0, 2) A—Bw>0,  3) 1—Cw?>0
4)  (.— Bo?) (. — Ca?) — A2 (L — Be) 12 + (1 — Ca?) 2] >0

3aMCHMR B 3THX HEpaBEHCTBAX LOCTOAHIYIO A OXHAM u3 BeIpakcuuit (2.7)
H II0JICTaBAB BMCCTO ®° BEJIMYHIY, ONPC,eJCMYI0 MIOGLIM N3 ypPaBHeHHU
(1.5), momyumv cieayiomue J0CTATOYHLIE YCJOBHA YCTOHYHBOCTH HCBO3MY-
meHHOro Bmykenua (2.1):

1) B _ "°>0 2) —y—°>0 3y —2>0
* ! g (2.13)
4) = [1/Oznoc +5—¢ (1/,,, — 2o3) ( 2 —|- =P )] >0

OuepmitHo, 4TO HCPBBIE TPH M3 3TMX LEPABCHCTB BBILOJHAIOTCA JITIS BCeX
TOYCK ;omycKaeMoit Ayru (z, —y), B TO BpeMs Kak 4YeTBEPTOC M3 YCIOBMH
(2.13) pumoansercs JHMmMB UIA HEKOTOPOH 9acTm 3ToN [YrH, NPHMBIKAIOMeENR
K 1oake z. MoKHO OTMETHTH TaKiKe, YTO €CJIH LPOBCCTH IIJIOCKOCTD

SG1N=yor—28=0 (2.14)

LPOXO;ISIMYI0 Yepes NMEeHTP TAMECTH TelJa m och O, TO YCTBEPTOC M3  YCI0-
BOii (2.13) BBIMOJIHSAETCH, HECOMHCHHO, L1l BCEX TOYCK IVIM (T,— y), pac-
10710/ CHIBIX ¢ TOM cTOpOHB! OT miaocroctd (2.14), nmaa koropoi S (3, 7)< 0.
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TaxaMm o0pa3oM, yCTaHOBJIEHO, 9TO YCTOHYMBBIMM II€DMAHEHTHLIMHA Bpalne-
HAAMM SBJIAIOTCS BpPamEHUsT BOKPYr nosyobpasyommx EKonyca (1.6), mpoxo-
DAmMEX ucpe3 00yl TOUKy nomyckaemod nyrm (—s, — x) cdepmueckoit
KpHBOil, a Taike uepes Te Todkm («, B, Y) momyckaemoil ayrm (z, — ¥), ;4
KOTOPHIX BBINMOJHAIOTCS Han yciopme (2.11), mam gerseproe u3 yciosnit (2.13).

B HexoTOpHX cayyagx MOKET OKas3aThCA IOJE3HBIM HCIIOIL30BAHME JOCTa-
TOYHBIX YCJOBHII HeycTOWYMBOCTH IIGDMAHCHTHBIX BpAINCHMH, IOJy4YaeMBIX
paccMOTpeHreM IepBoro Npubsiu:eHUA YpPaBHEHHH BO3MYIMEHHOTO HBHHEHMA
(2.3)—(2.4). Oupe;iensaomee ypaBHeNHe HOCHAETHAX HMecT BH [3:4]

* (800" + £19° + £2) =0
8o =ABC, g,=(ABC —S§AB,C;0®)0*— PSA(B + C)zy»
g2 = — ' § AB,C,¢* + Po? § [ABya (z00* + 2g7* + you3) — (2.15)
— AC o (xga? + zoF + zgxy) + 24, 8,77 (Tox + Yod)] +
+ P2 (Azyo + By + Czo7) (o2 + Yob + 207)
CurmBo:1 S O3Ha4YacT 3CCh CYMMMDOBaHHE Tpex 4YJ/JeHOB, II0JIy9aeMbIX n3

HaXO;(AIMErocH 10 3HAKOM CYMMBI KpPYyrosoii mepectranoskoét OykB 4, B, C,
Ay, By, Cy: &, 3, 13 %o» Yo %o, OPHUEM

rae

A, =B—C, B, =C—A, C,=A4A—B (2.16)
Ilpn BHITONMHEHHH OJHOTO M3 HCPaBEHCTB
£:<0, 8 <0, 81" — 4gog. <0 (247)

Cpefn KOpHeH onpenesiAiomero YypaBHEHHS HAilTyTcsA KOPHH C HOJIOKATENb-
HbIMHA BCUIECTBEHHHIMH d4acTsAMH. B 2TOM ciydae coriacHo o7HOil TeopeMe
JlanyHosa (8] nwepoamymennoe npmixcHne (2.1) Gyier HeycroiiuMBEIM.

He ocramaBnuBasick Ha amaimse ve:tonmil (2.17) zas obmero caysaa (1.7),

OTMETMM TOJBKO, 4TO ji1saA mpsivoit OS
% 3

Y

Zo Yo 20

KOTOpasg MOKeT OLITh NepPMaHeHTHOM ocbio amiup NpH w = 0, mepsoe ua yco-
Buit (2.17) Bmnonmsercs, ecam « >0, $>0, y>0. Ilo BenpeprsuocT:
MOKHO IIOJIaraTh, 9TO 9TO YCJOBME OydeT BLINOJHATECA TaKkKe B HCKOTOPOH
oxpectHocTH monyoGpasyromeit OS xouyca (1.6), T. e. ma momyckaemoii myre
(s, z) cdepuyeckoil KpMBOA CyICCTBYeT HeKoTopas 00;1aCTh HeyCTOHUYMBOCTH.

2°. ITpm momomu moctpoerHol B m. 1° ¢ynkmum Jlanynosa (2.6) mosHO
KCCJIe0BaTh YCTOMYMBOCTh ICPMALEHTHEIX BpameHAHd TaK:ke B CJVYasAX, KOrja
HNEeHTP TAMKCCTH pACHOJIOKEH B Tejle He IPOH3BOJIBHO, 8 B I1aBHOM ILIOCKOCTH
AHEPUMA HIA Ha [JIaBHOH OCH MHEPOMH Teja Jis Heuol1BUAHOH TourE O.

IIycts, HanpmMep, MEATP TAMKCCTH Tejla PACHO.IOMCH B OTHOH H3 IJIABHBEIX
LOJ0CKOCTCH HMHepHMM; NPEINOIORHEM AJA ONpeTesIeHHOCTH, 49TO

x0>0» yo>0: Zo=0
B sToMm cayuae, kak yKazano Beinie, kouyc (1.6) mepMaHCHTHEIX oceld
pacmagacrcss Ha TuiockoeTh Oxy m uaockocts (1.8). Uccnenyem cnauana

YCTOMUMBOCTh MEPMAHEHTHHIX BpAIICHHN BOKPYr oceH, OTJIAMYHBIX OT IVIaBHHIX
occil MHEPOMH W PACUOIOMKCHHBIX B miockoctm (1.8):

T (x, 3)== Az, + Bioy, =0
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[Ipoeknmm yrioBOH CKOpOCTE BpameHMA HA OCH KOODAHHAT ONpexesdioTcs
npn stoM Qopmyaama (2.1), B KOTOPHX o« B § YZOBIETBOPAIT YpPaBHEHUIO
(1.8), —1 <1<, a o onpezeaserca noduM n3 ypaBHeHuit~ (1.5), B KO-
TOPHIX CJlefYeT LOIOKOTH Teueps z, = 0.

OGparumca cHoBa K Qynkmam (2.6). Ilepsuic gBa M3 yciopmil 3HaKoompe-
aeacunoct (2.8) aTofi pyHKOAM COXPAHAIOT CBOH BHji H UpH 2z, = 0, a Tperse
nepexoxHT B HePaBEHCTBO

X
>0

OdeBHIHU, YTO 3TH YCJIOBHA BHINOJHAITCA npu jioboM 3HadeHm:m p > 0,
ecam <0, 3<C0, 7~0, dro umeer Mecto mnpm ycioBau C > A > B masa
a0doll 13 ;10NyCKaeMBIX HePMAHCHTHHIX OCeM, PaCIQJIOMEeHHHX B IUIOCKOCTH
T (2, 3) =0, 3a nckiodeHueM J@Iub OCH, A KoTopoil ¥ = 0. CnexopaTtensHo,
Bpamnennsi BOKPYr yYKa3aHHBIX OCeH YCTOHIHBHL.

MoskHO yKasaTh U HeyCTOHYHMBLICE ePMAHEHTHHIE BpamIeHH:A.

PacemorpmM, Hampummep, BTOpOe H3 ycaoBEA Heyctonuusoctm (2.17).
Henoabsys Tperse m3 ypasmeHmil (1.D), OyTeM HECIOKHEIX BHKJIAZOK MOYKHO
yOexnTecs, 910 OpH 2z, = () 3TO ycjoBHe NpIHIMAeT BHJ(:

2 = [— A1 B1Ce? + 34, B, P (T + yo3)] 0?1 4 P2 (4,pzy + Bjay,) X

73 ot — yow) — 5= (Ayo = + By &) + (4 ’”°+BJ°) )< o ¢18)

Jl:lﬂ BCeX Oceﬁ, PACLIOIOMEHHLIX B INIOCKOCTH
T (, B)= A3z, + By,
3a MCKIIOYEHHeM JHmb OcH, jJfA KoTopodl + =0, HepaBencro] (2.18)
OPHHMMAET BAL:

AB, [3 (Zo% + Yo3) — "_ TP — 1/0a] <0

Herpynno Bmpers, 4To 9TO yenoBue B ciaydae A > B> C cpoguTcsa K He-
paBeHCcTBY

C — Yo .
3 (zgx + yoS) > A-FB % (2.19)

a B ciyuae B> C >> A — i NpOTHBOLOIOKHOMY HCPABEHCTBY

3 (az + yoB) < gy L (2.20)

Tarnm o6pasoM ycTanoBiCHO, YTO NEPMAHEHTHLIE BPALIEHHs BOKPYT BCEX
JONYCKAaeMRKX Ocell, pacnojIoMeHHBX B IIockoctn 7' («, 3) = 0 (3a mckmode-
HOeM JIALIb T71aBHOM OCHM MHEPIMHA 2z M OcH, ANA KoTopoil | = 0), spasorca
VCTOMYMBEIMY, €CJIH HENTP TSBKECTH Teja HaXOZHTCA B IJIIOCKOCTH, LPOXOMsA-
el 9epe3 cpejlHIon M GOabmMY OCH BINIMICOMAA HMHEPUMH JJIA HeIO;(BMIK-
HOH Toykm O, M HeyCTOUYHBLIMH, €CIH HENTP THMKECTH Te:1a HaXOJAMTCA B 110-
CKOCTH, NPOXO;iAINCH 9epe3 Majiylo M CPEeumion [undm GONLIIYIO] OcH SILIMI-
coMNla MHEPIHH, W IPH DTOM BLIONHAeTca yciaosme (2.19) [mnum (2.20)].

OrmermyM, uto juist ciydas B >C > A ycnosue (2.20) Bemonugerca, ode-
BHJTHO, CCJIA AMECT MECTO HepaBclcTBO

2~ 2
Ayt 2> Byy,
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B ravecrse mpivepa MOMHO yKasaThk, 9TO 9TO YCJIOBME BRINOTHAETCH JI1A
THIKCIIOTO  TBEP;IOF0  Teja, paclpereTeHwe Macc KOTOPOTro  YIonlIersopder
veaosnsay [ecca-Annenanpora (10

B(C— Ay — AB--C)z? =0, Zo=0 (2.21)
AJIM YCIOBMAM, PAaccMOTpeHHBIM B juccepraumn  A. A. Borossiencxoro?,
B—C)z2—(C—A)ys2=0, 2,=0 (2.22)

Cilc10BaTeblI0, B 3TUX CJYyYadXi IEepPMAlCHTHHC BPAIICHHS BOKpPYL OCeH,
pacmostosenuslx B wiockocrn 1'(«, B) = 0, ABnA0OTCA HeyCTOHYABBIMH.
TlepeiiieM K paccMOTPCHHIO Y CTOHINBOCTH NEPMAHCHTILIX BpaileHnil BOKpYT
0Celf, PACIIOI0KEHHHX B IJIOCKOCTH OTy M OTIMYHKIX OT INIABHHX OCell HIepIuH.
[Tpockmuit yIi10BOH CKOPOCTH BpPAUICHHA HA OCH KOODAMHAT ONPEACIATCH
npu atom Qopmynamu (2.1), B KOTOPHX & H 3 YAOBICTBOPSIIOT YC.IOBHIO
a2 +8=1. 7v=0, a o onpernexserca rTperbiM M3 ypapmenmii (1.5). Ceosa
pacemorpnyv PyHkumIo (2.6), B KOTOPOit clegyer MOMOKHATL Temeph =0, a
N= Aot — P73 = Bot— P2
- o

¥]

YeIoBus 110105HTCTRHOI  sHaKooupeeiennoct QyHRumn VomveT 1pu
2TOM  CJICIVIONTHIL BHIL:

() oo (g + Buey) >0, ®  pE—rl0 029

Herpyiano Bumers, uto meproe M3 5THX YCIOBHIT BLIMOIHSETCA HA j(OIIYC-
KaeMpIX JIvrax:

(x,—y), (—s,—=a), (y,4) ecut A> B> C
(* Y — 3): (k, y) eccimt B> C >» &
(—s, k) ecn C > A> DB

TOrla KAk BTOPOC 1t TPeThe M3 ycloBuil (2.23) BHUIIOTHAIOTCA UPH 1I0OOM
HeoTpUUaTeNLuoM snaveHun ¢, ecan o< 0 u 3<C0, a TakiKe NPH HEKOTOPOM
MOJ0/KUTEIBHOM 3HAUCHHH W, €ciIH BHnomsacTes ycgosme (2.10).

Crne;loBaTenino, VeTOHYMBHIMA  TTEPMANEHTHHIMH  BPAImCHUAMIL  ABIISIOTCS
BpammeHiaA  BOKPYI' ocel, IOPOXOAAIMAX depe3 mnoOYI0 To4KY (2a HCKJIO-
uemmeM  TOYeK — X, — )  HOMycRaeMmIx  gyr: (—s, —x) B caydae
A>B>C, (—y, —s) B caysac B>C > A, (—s, k) B cayuac C>A> B,
a TaKKC Wepes TC TOMKU JOIYCKaeMmmx Ayr (x, —y) B cayuae A>B>C
i (y, k) v caywae B™>C > A, Koopauuarsl % M 3 KOTOPLIX VI0B:IeTBOPHIOT
yestopmio  (2.10).

Momuo  orMeTHThL, YTO BTO YCJOBHE MU TOYeK /(\TH (r.—y) B ciydae
A T» B+ C MOoskHO TepeuHcaTh B BHIE HEpaBeicTBa

S (2.24)

a ;11 Touek JIYTH (¥, k) B ciysae B >>(C > A B BHIe HEPaBCHCTBA, NPOTH-
BOLO:IOKIIOTO (2.24).

! Ha remy «lleroropnie HeoGXOIMMBIC FCNOBAA CYMECTBOBAHMS OTHO3NAYHBIX pemre-
HUil B 3aJaUc O J{BIGRCHINT TSLKETOI0 TBEPIOTO Tena BOKPYT TCHONBHKHON TOYRA» (PYKO-
mien). HaernryT sexamixkn AH CCCP. 1950 1.
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Herpyano Buieth, uto ec’in B 1L10¢kocTH Oy TPOBCCTH UPAMYIO

S, (4 3) = 2t 4 o = 0
OPTOTOHAMBHYIO 1IPAMOIL, TIPONOUIINCH Yepes ICHTP TAMKCCTH TCIa, I 000314~
YNTH YCpes §; TOuky uepeceucuns npsasoit Sy («, §) =0 ¢ qyroit (x, —y)
oxpysHoeTH 22 4 52 =1, 10 ycaosue (2.10) Oyaer BLIIOIHATRCA I8 Beex
Touer ;yru (z, s;) B cayvae A >B =C, ecmn zy<y, H BCeX ToYek
ara (Y, —s;) B cayvae B >C > A, ecan 3>y, Tax, nanpamep, aaa
TBEPAOTO Teda B caydae (B> C =+ A, pacupeiesiciie Mace KOTOPOro yaos-
JIeTBOpACT Ve AoBuAM (2.22), TOMKN &k M — s, coBIAAI0T APYL ¢ APYIOM, H

ecri C—A>B—-C (x4 > W)

Tu lLlepMAaHCHTHLIE Bpalleunst BOKPYT OcH, Tpoxomsmeil depes o0y u3
TOYCK JIyTH (¥, A), Kpome TouRM y, ABIAIOTCH ycToitumpuimu. A TBepuoro
Tea, paclpe;(eleHne Mace KOTOporo VJoBACTRopAer yemosmam (2.21), nep-
MaHEHTHEIe Bpamemm BORDYT VRazaHULIX oOceil Tawme OyIAyT yeTOHYHBRIMI,
eciu AB2 > A2B.

B cavuae sanmeomia ppawmenns, korja B = € 7= A, npm uovonyt gocra-
TOTHLIX yCI0BIIL NCTOWYHBOCTH (2.23) JICTKO VCTANOBUTB, 9TO YCTOHYMBHIMH
OePMaHCHTULIMII  BDANICHHAMN SIRJIAOTCA BPANICIHHA BOKPYr 0Cell, MPOXOMIA-
mux 9epes J100y10 TOURY (32 MCKTIOUCHHCM TOYER -4-%, —7Y) JOMYCKAEMBIX
ayr (—2, —s) upy A>B u (—s, —y) upp B> A, a rtarxme depes Te
TOYKH nyru (z, —y) B caydae A > B, 1A KOOPJHHAT KOTOPLIX COPaBe;(IMBO
HepaBelcTBO (2.24).

3°. Mcemepiyem yeToituuBocTsh 1CPMAHENTHHIX BpaIleHHii b ciayuae, Korpa
OEHTP TAMECTH Te;a PACIHOJIOIKel Ha OO H3 INIABHBIX OCeil HHCPILH id
HEeMOIRILKAOH Toukn. Ilycrn, mampusep,

2, >0, Yo =10, 2o=10 (2.25)

B srom cirygae womye (1.6) mepmaneHTumx oceit pacnagaercs Ha jbe
raapueie TiockocTH HHepmmEn Oxy u Oxz, lepeceKalomuecss BROML TIIABHOI
OCH MHCDIUtH X, HPOXQAAMEIl Jepes UEHTP TAKCCTH Tea.

PaccyoTpum yeToli9MBOCTR MEPMAHCHTHHIX BpaleHiii BOKPYr ocel, pac-
TOTORCHHRIX B WIOCKOCTH Oz (8 = () H OTAWYNLIX OT IVIABHBIX OCeH HHepIUM.

IIpoexwun yraionoii ckopocTH BpameuHs wa ocH KOOpIHAT onpeieaiores
npr aToM dopmyaamm (2.1), B KoTOPHX cacyer mo:omuTh 3 =0, a ® ompe-
JeqseTcss BTOPHIM M3 ypapHewmii (1.5). ‘

Pacemorpum $pynrwiio Tamynosa (2.6), B wroropoii cielyeT TONOKUTh
Teneph f =0, a A= Aw? — Pr,/s = Cu?.

Vci10BUS 3HAKOOUDE;1CIGHHOCTY HTON (VIKOMI J1erko TPHBOJATCA K C:le-
aywomemy By (opu w > 0):

1) (€= >0, (2) >B

Caenosareivno, ecoin € > A 1 C > B, 10 nepyaHenThuc BpalleHHs BOKPYT
OCeif, PAaCHOIOKEUNMX B II0CKOCTH ()XZ, YCTONYHBRI.

Mo:xro yrasats Tarse meyeroitumpiie Bpamerma. B camowm jee, B cay-
9ae (2.25) BTOpOE M3 YCAOBMIT HEYCTONYMBOCTH (2.17) cmogntca k Hepa-
BEHCTBY

(B—C) [3 (€ — d)a + clu]<o (2.26)



62 B. B. Pyusnyes

(4ueBmmHO, 3TO yCJIOBHE BLINOJHAETCA B CIYdYadx:

(1) roraa B > C > A nus Beex jomyckaeMbX oceil (« <{0), pacUONOMCHHHX B HJI0C-
woctu Ozxz;
(2) worma 4> C > B paa jionycraeMux ocefl (« > 0), KOCAHYCH YIVIOB o KOTOPHX
¢ ocnio Ox yIOBIIeTBOPAIOT HePABCHCTBY
C 3
v L == a2 h
ot - SA—C) = of (2.27)
(3) rorma 4> C u B> C ;un nomyckaeMuIX oceit (o > 0), KOCHHYCH YTJIOB_ o KOTO-
prIX ¢ Ocbl0 Ox_ yNOBIETBOPAIOT HEPABEHCTBY

€ > o2 (2.28)

Hrak, morasano, 910 B caydae (2.23) mepMaHeHTHLIe BpameHHs BOKPYT
oceil, pacmoNOMKEHHEX ¥ IiIockocTd Oz, ABASIOTCA:

VCTOMYMBBIMA, €ciIn OCh &, IPOXONAMAsS Yepe3 MEHTP TAMECTH Tena
ABAsgeTcA OOJMBUIOA MW cpexHeil OCLIO, a OCh 2 — MaJIOH OCbl0 A LTHICOUIA
MHe I,

HEYCTOMYMBRIMH, €C/M OCH & M 2 ABJIAIOTCA COOTBETCTBEHHO 00:IbINOH I
cpe;iHeil OCAMH 5.LIMIICOMTA WHEPUUH, WJIM eCHH OCH X M Z ABJIAIOTCA COOT-
BETCTBEHHO MAJIOl M cpeJHeil OCAMH 5JIMHOCOMIA HHEGPUEMH H A HANPAaBIA-
IOIEro KOCHHYCA o TEePMAHEHTHOH OCH BBIMOJHACTCA HepaBeHcTBO (2.27), wium
€CaIM OCH 2 H z ABIAIOTCS COOTBETGTBEHHO Majoil (Mo cpeaneii) u GonnInoi
OCAMM 3JINIATCOMNA HIEPOHH H [[7IA HAIPaBIAIOMEro KOCHHYca « ICPMaleHT-
HOHl ocu BHIMOJHsETCA HepameHcTBO (2.28).

st yeToii4ABOCTH MM HEYCTONYHBOCTH TMEPMAHEHTILIX BPALIEHUI BORPYT
JOIycKaeMHIX OCeH, PacmoI0MeHNLX B Imockocti Oxy, pe3yiabTaThl anano-
THYHBl TOJABKO 9TO C(OPMYIAPOBAHHBIM H HOJIVYAIOTCS I3 HHX IEpecTaHoB-
Kol 0GosnaveHmil oceif z m y m MomeHntoB mHepmun C u B.

PaccMoTpuM  yeTOHYMBOCTH IICPMAHEHTHRIX BpaimCHHil B clydae, Korjia
SNIJIAICON,] HHEePOHH AJA HENmo/BH/KHOH TOUKM Tejla ABIAETCA ILTHICOMIOM
Bpamennd. Ilycrs, manpmmep,

B=C¢C, zy =0, Yo >0, 2, =0 (2.29)

Homyc mepMaueHTHhIX oceil pacnajiaeTcss Ha j(Be T:IaBHBIE 11JI0CKOCTH
waepmna Ozy v Oyz, upAuCM A Oceil, PacnoIOHCHHHX B TiIockocTn Oyz,
VIJIOBaA CKOpPOCTh NEepMAaHeHTHOTO BPANICHAA « = XO.

g mccoieoBaHAA YCTOMYABOCTII DCPMAHENTHLIX BpAIICHHIl BOKpPYT ocei,
PacmoIOMeHHRX B mockocTi Oxy, Bocmonb3yemcs ¢yuxnmeit Janyuosa (2.6),
B KOTOPOH clemyeT Temepsb Uoi0KATh 7 = 0 i 7 = Aw® = Bw* — Py, /§.

Y CN0BHSA HOI0KUTEINBHOI 3HAKOONPE,1e7ICHUOCTH 3T0I QVHKIMM MMEIOT BHA:

(1) k—Cw?>0, (2)  wx?(h — Ba?) >0,
B w41 —Adw2>0

OgeBmHO, 3TH yCJIOBMA BRILOMIHAIOTCA upH mo6oM p >0, ccru A>B=C;
IpW 3TOM KOCMHYC yriia § MemTy lepMaHeHTHOH ocelo m ocklo Oy Oyner
OTPHOATENHbHBIM.

PaccmoTpuM Tenepsr BTopoe m3 ycsosmid meycroitumpoct (2.17). Ilpu BE-
nonuennn yenosmid (2.29) w npu B> A, xorma B>>0, oBO cBOgHTCA K He-
PaBeHCTBY

8 >3(T’17)=—,»33 (2.30)
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CaegoBaTenbHO, NEpPMaHeHTHEIE BpANeNHsA BOKPYT IOMYCKaeMBIX Oceil,
pacmososKeHHHX B miockoctm Ozy, mpm ycaoBmax (2.29):

ycroduussl, ecna A > B;

HeycTOHImBH, ecau B >A u upu stoM Bemonuserca HepaseHctso (2.30).

Hawm ocraerca mcciezosath yCTOHYMROCTL BPAIICHHSA BOKPYT TJIaBHOM OCH
AHEPUMH Z, TPOXOsMeil 4cpe3 LEHTP TSAMKECTH Teja, KOTopas MOMeT OhlTh
IePMaHeHTHOM BEPTHKAJIBLHOH 0CHIO LpA 060 yIiIoBoil CKOPOCTH BpaNICHAA ©.

llpn aroM B oTnmume oOT ycioBuH (2.25) MH OygeM mnpegnonarath, 9TO
79220, yo=2,=0.

Jlng paccMOTPeHHA yCTOHYIABOCTH HEBO3MYIIEHHOTO ABMKEHHSA

Do = o, x=1, Go=ro=0, f=v=0

Bocnoip3yemea ¢ynxmmeit Jlanynosa (2.6), B xoTopoii cmexyer ywecTs cre-
JlaHHBIC MPENINONIOKEeHHA H MOJOKHATh A = Aw? — Pz,.

NelloBMA TIOTOMKETEBHON  3HAaKOOHpe e IeHHoCT pyHKInn V npmpogaTes
IIpI 3TOM K BH1Y:

W) w>Pr, ) (A—B)@*>Pz, () (A—C)w>Pr, (2.31)

ITeproMy 113 2THX ycoioBHiT BCErIa MOMKHO YAOBJICTBOPHTH BHIGOPOM COOT-
BeTCTBYIOWEro anayeHHs ¢. Ocraercs yMOBICTBOPHTL XBYM APYTHM yCIIO-
BHAM. PaccMoTpEM BO3MOKHEIE Ciywau (4],

1. Kopomwoocnwii eupockon; A >>B >C. Ecan z,<C0, 1o yciosus (2.31)
V/IOBJICTBOPAIOTCSI NPH 511000M 3HadeHHH . CiiejoBaTenbuo, KOPOTKOOCHHIH
BHCAINM TEPOCKON YCTOHUHB IpH M0G0 YIioBOl CKOPOCTH Bpamienms.

OueBmiHO, DTO yTBepKIeHMe OCTACTCA CUPABCATHBHIM W s CJydas
d;iAncouna Bpamenuss, Korga A=B>C nan A > B=C.

Ecan z,>>0, 10 ycaosna (2.31) y;iopacrsopsaiorcsa npm

D IEE (2.32)

CrnemoBate:1b110, IPH YIiI0BOH CKOPOCTH BPaNICHAA >, KOPOTKOOCHELIR
ERINPAMIIEHHDLIT THPOCKOM YCTOMUMB. 9T0 YTBCP/KIEHHC CLDABCIIMBO M IJIsI
rapockona Jlarpauska, worna B = C.

2. Jaunnoocnwit  cupockon; B >C > A. Veuosna (2.31) sumosusiores
ZpH 3TOM JMWB B ciaydae <0, ccnm w?<w;?. Taxam o6pasom, j1siMHHO-;
CHBIA BUCAIMII THPOCKON YCTOIMYHB, €CJIH €ro yriaosas CKOPOCTh & < @,
9TO iH€ CLPaBeJJMBO M AJA Ciydas 3.I;IMICOMjA BpameHus, Korjga B=C>A
am B>C=A4.

3. Cpedneocnaiii  2upockon; C>A> B. VYcaosma (2.31) BrumommsoTcs
LPH 3TOM JIHUIL B ClIyyae

xy <0, ecau “’2<APiOUE“’22 (2.33)
Tax xar meob6xomammoe yciopme 4] ycTOHIMBOCTH B 9TOM cIyvae TakiKe
imeeT BHA (2.33), TO CpeHEOCHBIH RMCAMIAIL T'HEPOCKOL YCTONYHB :IHING
B ciIydae, KOrfa BC.IMYHHA CIO YIVIOBOH CKOPOCTH YIOBJIETROPAET VC.10-
BEIO (2.33).
OrMetmM, uTO auaJIOrMYHBIC [IOCTATOMHEIC YCIORMS YCTOMYMBOCTH Bparie-
HAA Teila BOKPYT IVIABHOH OCH MWHEDUMM HOJlyYeHBl Taxe B paGote 111 mp
nomount gyurouu Jlanynosa saza (2.12).
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47, lpouiuocTpupyeM JHONYUYCHHLIC B L. 3 pe3ylLTATLI Ha UPHMCpax
PaccMOTPCLIH 1ICPMAeHTULIX BPAMCHIT THKETbIX TBCPABIX Tell, pacnpeelice-
HUC MACC KOTOPhIX TIO;{UIHENO 3aTaHHULIM YCJIOBHAM, COOTBETCTBYIOHUIM HCKO-
TOPBIM H3BCCTULIM CIYYASM ITHICUPHPOBALIS ypPaBHCUMH Anmskeuns [12),

1. Yecaooua C. B. Kosaaesckoii: B =C = 24, 2, =1z,=0, y,>0.

[TepMancHTHBIC BpamcHHA BORPYT jlouyckaeMmx oceit (3> 0), pacmo:io-
MENHBIX B 1510CKOCTH Oy, HeYCrofumBb, eciIM BeJHYHHA KochaHyca yria [
MeHIy uepManeHTHoi ockio M ocklo Oy ymaosriersopsier Hepapencrny (2.30):

B> = L‘

Hapecruo, uro Bpamenme rmpockouna INoBavIeBCKOI BOKpYL TilaBHOH ocH
WHCPUMHM, HCCYINeH LCHTP TAMKECTH, YCTOHYMBO TOILKO B ciayvael®l, korma
HEeHTDP TAMKECTH pPACIONUMEH Ha BCPTHRAIM HEMKC TOYKH omopsl (3 = —1).

2. Veaosusn J. K. DBobwaesa—B. A. Cmekaosa: A =2B, y,=2,=0,
zy > (). PacecMoTpuM BO3MOMKUBIC 1OTCIIYYaH.

(a) € > A = 2B. Bpaueniss Boxpyr omveraeMmpix oceit (x<C0), pacuo-
JIOMEHIBIX B OGI0cKocTH Oxz, YCTOMYMBLI, a BpalleHus BOKpyr oceii (x> 0),
pacloONOMKCHHBIX B IIOCKOCTHE (XY, NCYCTOIYMBEL, CCIM BCIMYOHA KOCHIYCa &
yriia MCsK;lY ICPMAHCHTHOH OCBI0 M 0chlo O YIOBJIETBOPAET HEPaBeHCTBY

2 2 — 1 2 __ B
#>ai=g  (af =)

Bpanteuusi Borpyr ocit — Ox (« = — 1) YCTOIYHBLL JMib HPH o < Wy, I;1e
w,? = P [ (C — A), Bpamienna BORpYT ocit O (« =1) ueycrofiuuper 41,

(6) A >C > B. Bpancaus BoKpYr uepMmancHtunix oceil (¢ > 0) meycrtoi-
YHBLI, €CIH ;1 KOCHHYCOB 2 OCCH, paCHOIOMKCHHBIX B MI0CKOCTH Oz, BBI-
nmonHsACTesA yeaonue o2 < o2, a B IK10CKOCTH Oy — YeI10BHC a2 > a2 =1/q.

Bpamenus Bokpyr ocu — Ox (x = — 1) VCTOuMBEL IpH 11060i BesindmHe
Yra0Boif CKOPUCTH, a BOKPYI' ocH O (x=1) — HIPH @ > W,.

3. Veaosua B. A. Cmekaosa: B> A>>2C, xy >0, y,= z, = 0. Ilepmanent-
Hble BpANeHHsI BOKPYT OCeH, pacrio/OjKeHIBIX B ILTIOCKOCTH Oy, yCTOHYMBHL,
a B IITOCKOCTH Oxz — HeycTORTNBLI, ccalt a ~> «,2.

Bpameunss  pokpyr ocM — Or (¢ = —1) YCTOHYHBHI IAMb IpH ® <_ Gy,
Bpamenus BOKPYr ock O (x=1) Heycroigmssr 4,

II. A. Iysemmn (4] 3ameTuir, 4TO NpH HEKOTOPHIX HAYailLHEIX VCJIOBAAX
MOMKIO HOJNYYHTH pellcHuC, 10XOMee Ha peiicHie B caydae B. A. Crekmona,
HO TP HHHIX OrPaHMYGHMAX 1A MOMCHTH HHepUHM Tejla, a MMEeHHO:
2B>A>2C, A>B.

Jlerko BujieTL, YTO 1PH ITOM TIEPMAHEHTHHIC BPANICHHAA HEYCTOUIMBHL,
€CJIH I3 COOTRETCTBYIOIIMX OCeH, PacHo:I0KeHHLX B 110cKocTH Oz, BHIIOI-
mgercst ycJoBue a? >a,%, a B naockoet Oxy — vesiopue a? < ay’.

Bpamenuss BORpYr ocn — O% (@ = —1) YCTOIMYHBE TIPH HPOH3BOJIBLHOM
YTI0BOH CROPOCTH, @ BOKPYI' 0¢H O (@ =1)— IIPH & > ).

4. Yeaosusn [. H. opsuesa: AC =8 (B —C)(A—2B), zy >0, yo—zo—()
PaccMOTpHM BO3MOIKHBIC ITOJMCIYIAL.

(a) C>A>B; 2B > A. TlepMaHeuTHbIC BpPAILEHHA BOKPYI' JIOLYCKAEMBIX
oceif, PacmosIOCHABIX B ITocKocTH Oxz, yCTOIYMBH, a B jockocTv Oy —
HEYCTOHYHBLI, ccan o >>u,?. Bpameuna poxpyr ocu — Oz (¢ = —1) YCTOM-
YHBHL JHIUB HPH 0 < 6y,
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(6) C> B> A. TlepmaBeHTHHe BpameHHsi BOKPYT OCeil, PacroO:KeHHBIX
B mIocKocTM Oz, yCTOMYmBH, a B miockocTH Ory — meycroiumbul. Bpame-
HHA BOKPYT ocH — O (x = —1) YCTOUYABH, ecam o < .

AHaJIOTAYHO MOKHO OBLIO OBl PaccMOTPETh YCTOMYHBOCTh IICPMAHCHTHHIX
BpameHHi TBEpPIOro Tela, pacIpele/leHHe Macc KOTOPOro yROBIETBOPAET
ycaosusm H. Koea.iesckoco V1

AC=9(B—C)(A—2B), x, >0, Yo=2=0

Hanpmwyep, B caygae 2B > A > C > B ppameHHs HeyCTOUYHBbI, €CJIH HJs
COOTBETCTBYVIONIMX OCeil, DACHOJIOMEHHHX B IJIOCKOCTH Oz, BHIIOJHAETCHA
veaesme 22 < a2, a B miaockoctn Ozy — ycaoBme & > a2,

Bpamenns Borpyr ocu—OZ (« = — 1) yCTOHUYMBE IpH 1000k yrioBoi CcKo-
pocth; BOKpPYr ocu Oz (x=1)—mnpm o > w,.

5°. Yeaosus C. A. Yanaweuna: xy >0, yo=z=0.

0.6>2>05%5,  1.5<2 <1.59%5 (B> 4> C).

[lepmanenTHble BpameHHs BOKPYT MONOYCKaeMLIX OCeil, pacmojlOKeHHHIX
B mi1ockocte Ozy, yCcTOWuMBH, a B IiocKocTH Oz — HeycTOWYmBH NpH
22 >,

[lepmanenTHEE BpAMEHAA BOKPYT 0OCH —OZ (¢ =—1) YCTOHYMBH JIAIIB
npa © < «,, DpameHHs BOKPYT ocx OZ (« =1) Beycroiumpm [4],

6. Ycaosus HA. H. I'opauesa—C. A. Yanaweuna: B = C =44, y,>0,
z, = 2, = 0. llepManeHTHbIe BpameHHs BOKPYT AOIYCKACMEIX OCeH, pacmosIokKeH-
HHX B IUIOCKOCTH OZy, HEeYCTOUYHBHI, eCJIH BeJMYHHA  KOCHHYCA YIila MeXIY
paccMaTpEBaeMoil ockio H ockio Oy ymoBaeTBopseT YcioBmio B2 > 8,2 =1/9.

Bpamenna Bokpyr ocH —Oy (8= —1) YCTONYHBH npm Ji060H yrioBoi
CKOPOCTI. ' '

Crneayer moI149epKHYTh, YTO B NpHBeJEeHHHX BHIe NDEMEpax MH paccMa-
TPHBAJIA JHWb YCIOBHA, HajaraeMhle Ha pacnpelejiedHme Macc TBEPAOro TeJja,
He Kacasich BONOpoca O BHOOpe HAYAJLHHX YCJOBHU, COOTBETCTBYIOMHX TOMY
EIN HMHOMY M3 WYacTHRIX CJIyJaeB MHTErDUDOBAHMA YpaBHEHHH NBMKEHHS
THAREJOr0 TBEPJOro Tela BOKPYr HemoABHKHOM rouxm. Ilocmensme B HeKOTO-
pHIX 9aCTHHIX cjiydasx (Hampmmep, B caydae I'opaueBa-Uamabirmua) wuckimo-
9a10T NePMaHeHTHEE BpameHHs Teja BOKPYr BepTHKAJM.

Hocrynuna 27 1X 1955
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